We introduce a new class of scalar-tensor theories that extend Horndeski, or "generalized galileon", models. Despite possessing equations of motion of higher order in derivatives, we show that the true propagating degrees of freedom obey well-behaved second-order equations and are thus free from Ostrogradski instabilities, in contrast to the standard lore. Remarkably, the covariant versions of the original galileon Lagrangians-obtained by direct replacement of derivatives with covariant derivatives-belong to this class of theories. These extensions of Horndeski theories exhibit an uncommon, interesting phenomenology: the scalar degree of freedom affects the speed of sound of matter, even when the latter is minimally coupled to gravity.
Introduction. The recent discovery that the expansion of the Universe is accelerating has given a new boost to the exploration of gravitational theories. Whether or not any of these models apply to the real world, these research efforts improve our understanding of gravity by highlighting the theoretical and observational constraints that alternatives to general relativity (GR) must satisfy.
Modifications of gravity often involve the introduction of at least one scalar degree of freedom (DOF) in addition to the two tensor DOF of GR, and a large number of variants of scalar-tensor theories has been proposed in the literature (see e.g. [1] for a review). A recent important proposal is the so-called galileon models [2] , in which the Lagrangian depends on secondorder derivatives of the scalar field but leads nevertheless to second-order equations of motion (EOM). These Lagrangians were introduced in Minkowski spacetime by requiring the invariance under the "Galilean" symmetry φ(x) → φ(x) + b µ x µ + c for arbitrary parameters b µ and c. Although the Galilean symmetry is only defined in Minkowski, it is possible to extend the galileon Lagrangians to general spacetimes by promoting the derivatives to covariant derivatives. In this case, it was shown in [3] that the EOM of both the scalar and the metric involve up to three derivatives, and are thus prone, in principle, to Ostrogradski instabilities, i.e., ghost-like propagating DOF [4] . In order to remove such higher derivatives from the EOM, it is possible to add suitable gravitational "counterterms" [3, 5] . It was later realised that the generalized galileon models of this type [6] are in fact equivalent to Horndeski theories [7] , which are the most general scalar-tensor theories with second-order field equations and are thus often considered as the most general Lorentz-invariant scalar-tensor theories immune from instabilities.
However, allowing only theories leading to secondorder EOM turns out to be too restrictive. Indeed, as we will show below, one can find theories with higher-order EOM, but whose true propagating DOF, taking into account gauge redundancies, obey second-order dynamics (similar remarks appeared in Refs. [8] [9] [10] in different contexts). Such theories are characterized by standard initial conditions and do not suffer from the Ostrogradski instability.
In [11] we introduced a general description of linear perturbations of a scalar-tensor theory around a FLRW background and discovered a well-behaved quadratic Lagrangian beyond Horndeski's domain. In this Letter we prove that our results remain valid at the fully nonlinear level and propose a new class of scalar-tensor Lagrangians which extend Horndeski theories but remain healthy, in the sense that they do not propagate any DOF other than the massless graviton and a scalar. Interestingly, the straightforward covariantization-i.e. the replacement of the ordinary derivatives by covariant ones-of the original galileon Lagrangians [2] belongs to this extended class. Moreover, we show that the proposed theories exhibit a surprising phenomenology in the presence of minimally coupled ordinary matter.
The model. There are several ways to formulate these theories. Instead of giving the corresponding Lagrangian explicitly in terms of a scalar field φ and its derivatives, we will adopt a different starting point, which will enable us to check straightforwardly that they are well-behaved. The key idea is to perform an ADM decomposition of spacetime, with metric
by choosing the uniform scalar field (φ = const) hypersurfaces as constant time hypersurfaces (the gradient of the scalar field, φ µ ≡ ∇ µ φ is assumed to be time-like). The Lagrangian is then written in terms of the intrinsic and extrinsic 3-d curvature tensors of the spatial slices, respectively denoted R ij and K ij , as well as the lapse function N . More specifically, we consider the Lagrangian
where K ≡ h ij K ij , R ≡ h ij R ij , and the quantities K 2 and K 3 are respectively quadratic and cubic combina-
is the covariant derivative of h ij ), explicitly defined as
In (2), A a and B a are generic functions of t and N , which correspond to arbitrary functions of φ and X ≡ g µν ∂ µ φ∂ ν φ, since φ = φ 0 (t) and X = −φ 2 0 (t)/N 2 in our ADM formulation. Note that GR is a particular case of the above Lagrangian with B 4 = −A 4 = 1/(16πG), while the other coefficients vanish. This means that, if needed, L can always be seen as GR plus a Lagrangian for a scalar field.
Before counting the number of DOF, it is instructive to rewrite the above Lagrangians in a manifestly covariant form, i.e. in terms of φ and its spacetime derivatives. Using K ≡ ∇ µ n µ , where n µ ≡ −φ µ / √ −X is the unit vector normal to the uniform φ hypersurfaces, and introducing C 3 ≡ dX(−X) −3/2 A 3 /2, one finds, up to boundary terms,
where we use subscripts to denote partial derivatives.
To rewrite L 4 we use the Gauss-Codazzi relation and replace the 3-d Ricci scalar R in terms of the 4-d one, (4) R. Moreover, by using the covariant expression (3) we obtain, after some manipulations,
where
Although technically more involved, it is also straightforward to show that L 5 can be written as
where 
in which case the second line of eq. (6) vanishes, as well as the third and fourth lines of eq. (7). In general, however, the functions A 4 and A 5 are completely free, which means that our theories contain two additional free functions with respect to the Horndeski's ones. The second line of eq. (6) and the third and fourth lines of eq. (7) then remain, thus leading to EOM involving up to third-order derivatives. However, these theories do not contain unwanted extra DOF, as we show below. Remarkably, our analysis also applies to the original galileon Lagrangians proposed in [2] , which correspond to the choice of functions
Hamiltonian analysis. In general, higher derivative theories are pathological because they lead, according to Ostrograski's theorem, to extra DOF that behave like ghosts. Here we show, by resorting to a simple counting of the number of DOF in the Hamiltonian formalism, that the theories (2) do not contain more than three degrees of freedom. Thus, there is no room for an extra DOF in addition to the scalar DOF initially built-in and the two tensor modes similar to those of GR.
The Hamiltonian is obtained from the Lagrangian via a Legendre transform,
where the π ij are the conjugate momenta associated with the h ij , defined by
Ignoring L 5 for simplicity, one can easily invert the above relation to expressḣ ij as a function of π ij and obtain the explicit Hamiltonian, which can be written in the form
with
Variation with respect to N i yields the momentum constraints H i = 0, which are exactly the same as in GR.
These three constraints, which are associated with the gauge invariance under spatial diffeomorphims, are firstclass in Dirac's terminology and eliminate six out of the initial ten degrees of freedom [12] . Variation with respect to the lapse N yields another constraintH 0 ≡ H 0 + N ∂H 0 /∂N = 0. In GR, H 0 is independent of N , thus leading to the familiar Hamiltonian constraint H 0 = H 0 = 0, which is first-class. This constraint then eliminates another pair of DOF, leaving only the usual two DOF associated with gravitational waves in GR.
In our case, by contrast,H 0 is no longer a first-class constraint. This is due to the scalar field that fixes the preferred slicing and thus breaks the full spacetime diffeomorphism. As a second-class constraint,H 0 eliminates only one DOF. The final number of physical DOF is therefore three, which correspond to the two standard tensor modes plus a scalar mode, as will be clear from the linear analysis below.
The inclusion of L 5 makes inverting (10) more involved, but does not impair this basic counting, as a simple inspection shows. The counting is also similar if one includes matter, with the matter DOF adding to the three from the gravitational sector.
Quadratic action. The above argument excludes the presence of extra DOF, but one still needs to check that the remaining scalar and tensor DOF are not themselves ghost-like, for which we need to calculate the quadratic action for perturbations of the propagating DOF and make sure that the kinetic terms have the right signs. We perform this calculation around a spatially flat FLRW metric and follow the general procedure developed in [11] for the specific Lagrangian L given by eq. (2). Namely, we expand at second order the action S = d 4 x √ −gL, using ζ-gauge, i.e. h ij = a 2 (t)e 2ζ (δ ij + γ ij ), γ ii = 0 = ∂ i γ ij , and splitting the shift as
2 , which are contained in quadratic products of the extrinsic curvature, cancel up to a total derivative because of the particular combinations in which these products appear in eq. (3) and (4). By varying the action with respect to N i , one obtains the momentum constraints, whose solution is N i V = 0 and
Above and in the following a prime denotes derivative with respect to N and we use the new functions
After substitution of eq. (14) into the action all the terms containing ψ drop out, up to boundary terms [15] . After some manipulations the quadratic action becomes
where the functions α and β are defined as
evaluated on the background (N = 1). As expected from the previous Hamiltonian analysis, the quadratic Lagrangian (16) does not contain higher time derivatives. Moreover, for α > 0 and −A 4 > 0 we ensure that the propagating DOF are not ghost-like. Gradient instabilities are avoided for c 2 s ≡ β/α > 0 and c
Coupling with matter. In cosmology, the power of gravity at large scales-and its irrelevance at short distances-is well illustrated by the Jeans phenomenon. A matter overdensity δρ m of a given Fourier mode k evolves, schematically, as
In the above, c 2 term guarantees an oscillating solution at sufficiently short distances, where the overdensity is supported by its own pressure gradients. The last term in parenthesis stands for k-independent contributions roughly of Hubble size ∼ H 2 . Only at distances larger than ∼ c m H −1 do these terms dominate, leading to gravitational (Jeans) instability. This well known feature of standard cosmological perturbation theory holds true at small scales also in most modified gravity models-say, for definiteness, in all Horndeski theories as long as matter fields are minimally coupled to the metric.
The extension of Horndeski theories that we are proposing provides a counterexample to such an apparently universal behavior, even when matter is minimally coupled to the metric tensor. Let us illustrate this with a matter scalar field σ (not to be confused with the dark energy field φ), described by the k-essence type action,
with sound speed c
One can then repeat the procedure discussed earlier in order to obtain the quadratic action for the scalar fluctuations expressed in terms of ζ, N , ψ and the matter field perturbation δσ. Making use of the momentum constraints, the final Lagrangian expressed in terms of ζ and of the gauge-invariant variable Q σ ≡ δσ − (σ 0 /H)ζ, reads
where g s ≡ −c 2 m g t + 2σ 0 P Y ∆, with
and the ellipses stand for non-kinetic terms, which are irrelevant for the present discussion. Requiring that the determinant of the kinetic matrix vanishes yields
where we have used 2σ (8), and we thus find that, despite the couplings in the action between the time and space derivative of ζ and Q σ , the matter sound speed is unchanged as a consequence of the special relation g s = −c 2 m g t . This is no longer the case in our non-Hordenski extensions, where ∆ = 0 and the two couplings are "detuned". This remarkable difference between Hordenski and nonHordenski theories was not pointed out in the recent work Ref. [14] , which also extends our previous analysis [11] to compute the quadratic action of dark energy coupled to a scalar field.
This unusual behaviour can also be seen by writing the perturbed EOM derived from the manifestly covariant Lagrangian for φ, together with eq. (18). On sufficiently small scales, we find (see [13] for details)
which leads to the same dispersion relation as in eq. (22). This clearly shows that, in contrast to the standard Jeans lore, the gravitational scalar mode δφ cannot be decoupled from matter by going at sufficiently short distances. The origin of the special coupling between matter and the scalar field in eq. (23) can also be understood as follows. Taking the example of L 4 for simplicity, one can see that the variation of (6) with respect to φ yields a term of the form φ λ (g µν + n µ n ν )∇ ν R λµ . Using Einstein's equations (this assumes to separate L 4 into a GR term and an effective additional term), one can express the Ricci tensor in terms of the matter energy-momentum tensor, which leads to the termφ ∂ t δρ m in eq. (23).
Conclusion.
We have introduced a novel class of scalartensor theories, which include and extend Hordenski theories. They can be formulated in a very simple form via an ADM description of spacetime based on uniform φ slicing. This formulation, in which the scalar degree of freedom is absorbed in the spatial metric, makes it particularly transparent that these theories do not suffer from the Ostrogradski instability. A formal Hamiltonian ADM analysis confirms this. An important corollary of this work applies to the original galileons proposed in [2] : their direct covariantization, obtained by substituting ordinary derivatives with covariant ones, is already free of ghosts instabilities and does not need the gravitational "counterterms" prescribed in [3] . We have also uncovered a remarkable phenomenological property of the non-Horndeski subclass of our theories: when minimally coupled to ordinary matter, they exhibit a kinetic type coupling, leading to a mixing of the dark energy and matter sound speeds. It will be interesting to study further the phenomenology of these theories.
